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Abstract. Extrapolating quantum-mechanical path fractality and quantum-condensate collective hydrody-
namics across astronomical scales provides a rigorous testbed for unifying apparent galactic dark matter
with modified gravitational dynamics. Across eleven claims (C-01-C-11; [unreproduced gem-nexus /
Carbon claim]), four results emerge as parameter-free mathematical or empirical filters. First (C-01-
C-02), isotropic coordinate-fractal gravity (D = 2 above a universal length /) flattens rotation curves
only by locking the Baryonic Tully-Fisher exponent to Sgrrr = 2, failing combined SPARC and KiDS-1000
data by ABIC = +402.59; by contrast, a scale-invariant condensate of spectral dimension d, has pressure
L(X) x| X \Hds/ 2 (p = 2 + d, p-Laplacian) and uniquely locks both flat rotation and SgTrr = 4 at d =
(¢ =3/2, p=3). Second (C-08), auditing 2,630 SPARC RAR points (cZS = 0.94 + 0.02) alongside 139,027
KiDS weak-lensing galaxies reveals outer spherical convergence onto 3 = 4.00 (d: = 1.00, x* = 0.634).
Third (C-04, C-09), exact rational interval and Jensen proofs eliminate both single-boson thermal super-
fluids between 1 Mpc galaxy outskirts and the Bullet Cluster (1.0306 eV < 1.9379 eV < 2.3015 eV) and
all purely local single-scale operators V - [u(|V®|/ag)V®] = 47Gp, between SPARC disks and Newtonian
Gaia DR3 wide binaries (Ax? < 25 = Avwp > +12.91%). Fourth (C-10-C-11), introducing action-level
UV Bogoliubov dispersion at healing length &.,,, = 0.20 kpc (mp = 3.86 x 10~2% eV, fg = 0.025) quadrat-
ically screens fifth forces to 2.67 x 10~!* at Saturn and +5.88 x 107%% in 20 kAU wide binaries while
recovering 99.994% of ds = 1 galactic dynamics at 100 kpc, provided the cluster-scale fermionic partner
(fr = 0.975) is produced non-thermally to respect Planck AN g < 0.30.

Epistemic Ledger (statuses from CLAIMS.md)

Claim statuses follow CLAIMS.md on main: COMPUTED (KNOWN-FRAMEWORK) (reproducible evaluation of an es-
tablished published equation under chosen inputs), EMPIRICAL-FIT (parameterized fit to published tables),
CONJECTURE (unproven hypothesis, heuristic analogy or hand-placed threshold), KNOWN-LITERATURE-VALUE
(comparison against published measurements), and PROVEN (ARITHMETIC-LEMMA), which covers
only the literal integer or rational goal checked in formal/verify_exact_rational_proofs.py or
formal/GravityClaims.lean and never a physical interpretation. Table 1 lists all eleven claims;
[unreproduced gem-nexus / Carbon claim].
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Table 1:
[unreproduced gem-nexus / Carbon claim].
1-2 results/certificates.json (dbd75930...);

(a44b0337...); Wave 4 results/waved_unified_certificates.json (824dlabd...);

Summary ledger of reported results in Foundation-O/gravity, with statuses from CLAIMS.md.

Certificate files (raw file SHA-256 on main):
Wave 3 results/wave3_empirical_certificates.json

Waves

rational checks

results/exact_rational_proof_certificates.json (3ddae446...).

ID Claim / Physical Regime Epistemic Tag Reported Invariant & Primary Empirical Ground-
ing
C-01 Coordinate-fractal Dy = 2 trap COMPUTED Fixes fBprrr = 2 (OLS 2.0186, RAR RMS
(KNOWN-FRAMEWORK) 0.6234 dex); rejected by ABIC = +402.59 on SPARC
Lean lemma: PROVEN + KiDS [4, 8, 14].
(ARITHMETIC-LEMMA)
C-02 Unique d; = 1 condensate fixed COMPUTED L(X) o« |X['T4/2 (p = 2 + ds) uniquely gives
point (KNOWN-FRAMEWORK) dlnv/dlnr = 0and 8 = 4atds = 1 (g = 3/2,
Lean lemma: PROVEN RAR RMS 0.0096 dex) [6, 7].
(ARITHMETIC-LEMMA)
C-03 Gravitational-atom ground state ~ COMPUTED g0 = 0.64953399, Muoirij2 = 3.92511%/(Gm3),
(KNOWN-FRAMEWORK) outer Keplerian slope —0.4994 [10, 11, 12].
C-04 Single-boson phase-space inver- COMPUTED Mmax(1 Mpc) = 1.0306 eV (NFW) / 1.9379 eV
sion (KNOWN-FRAMEWORK, (is0) < Mmin(Bullet) = 2.3015 eV; (Qga1/Qa1)* <
MODEL-DEPENDENT) 0.0810 < 1 [14, 18].
Lean lemma: PROVEN
(ARITHMETIC-LEMMA)
C-05 Two-tier bosonic dark sector COMPUTED mr = 0.05 eV 2%, Nimpe = 9432.5) + my =
(KNOWN-FRAMEWORK) / 3.0 eV (98%, Nullet = 0.8867, ga = 2.161ao) [7,
CONJECTURE 18].
C-06 Fractal soliton tower ripple bound =~ COMPUTED Cascade my = mob™* ripple £0.036% (b = 2),
(TOY-MODEL) 4+4.561% (b = 6), £6.084% (b = 7); < 5% smooth-
ness requires b < 6.2 [13].
C-07 Cosmic EFE weak-lensing bound ~ COMPUTED KiDS 300 vs. 1000 kpc flatness gives gext/ao <
(XNOWN-FRAMEWORK) 0.0160 (95% CL), Rerr(L+«) > 521.8 kpc [14, 171].
C-08 Empirical RG flow to d} = 1.00 EMPIRICAL-FIT SPARC (2,630 pts): ds = 0.94 + 0.02 (AXG.—0.75 =
(KNOWN-FRAMEWORK) ~ 473.84); outer KiDS (50-1000 kpc): B = 4.00 <
d* =1.00 [8, 15, 14].
C-09 SPARC-Gaia local-operator no-go ~ COMPUTED (MODEL- Exact nywp > 222 > (2% Axdparc < 25 =
FAMILY-SCAN) Avwe > +1291%; |Avws| < 2% = Ax® >
Lean lemma: PROVEN +311.37[8, 19].
(ARITHMETIC-LEMMA)
C-10 4th-order Bogoliubov—p-Laplacian ~ COMPUTED €eon = 0.20 kpc (mp = 3.86 x 1072 eV, fz =
(BVP-SOLVER) 0.025): Saturn 2.67 x 107!, 20 kAU WB +5.88 x
107%%, 100 kpc 99.994% [21].
C-11 Fermionic AN.g vs. Pauli win- COMPUTED Thermal mr € [3,11] eV gives ANeg €

dow

(XNOWN-FRAMEWORK)

[5.65,1.00] > 0.30; 35 eV gives 828% spiral Pauli
ceiling = non-thermal relic required [23].
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1 Field-Gradient Scaling Escapes the Coordinate-Fractal Sgrrr = 2 Trap

Quantum-mechanical paths exhibit Hausdorff dimension Dy = 2 below the de Broglie wavelength
(Abbott & Wise 1981 [1]), inspiring macro-quantum scale-relativity (Nottale 2008 [2]; Chavanis 2018
[3]) and fractional-spacetime gravitational models (Calcagni 2010 [4]; Briscese & Calcagni 2026 [5]).
A foundational obstacle confronts any naive geometrical extrapolation that replaces three-dimensional
Newtonian flux spheres with a coordinate-space measure du(r) o< s ~'dr above a universal length /,:

Proposition 1 (Coordinate-Fractal vs. Spectral-Condensate Exponent Locking — C-01, C-02). Let a compact
baryonic source of mass M, generate modified radial acceleration geoorq(r) = (GMy/r?)(1 + r/6,)3~Pr.
Asymptotic rotational flatness (lim, o dInv/dInr = 0) uniquely fixes Dy = 2, which locks vﬁat = GM,/l,,
i.e. BprrR = dIn My /dInvg,, = 2. Conversely, consider a scale-invariant non-relativistic quantum condensate
whose low-energy excitations have integrated density of states N (k) oc k% and quadratic single-particle
dispersion ej, o< h?k?/(2m). Its grand-canonical pressure Lagrangian is

ds
Lo(X) = P(X) = cq | X[, q(ds) =1+, (1)
whose static phonon equation V - (|V6|%V8) x p, (p = 2 + ds p-Laplacian) yields circular velocity
v2(r) oc (GMy)Y/(Hds)p(ds=1)/(+ds) - Rotational flatness uniquely selects d* = 1 (¢ = 3/2, p = 3), which
simultaneously locks Sprrr = 2(1 + d%) = 4.

Equation (1) bridges a long-standing gap between condensed-matter effective field theory and galactic
phenomenology. In three spatial dimensions (ds = 3, unitary Fermi gas), scale invariance forces £(X)
|X|%/2 (Son & Wingate 2006 [6]), yielding rising velocities v?(r) o r'/? and § = 8. Recovering the
fractional | X|?/2 superfluid action postulated by Berezhiani & Khoury (2015) [7] corresponds to effective
spectral dimension d, = 1 (one-dimensional filamentary / Tonks-Girardeau equation of state P o n?,
o< n?). Across 51 simulated disk galaxies (M, € [107,10'?] My, R, o< MP-?®), coordinate-fractal Dy = 2
gravity yields Sgrrr = 2.0186 and 0.6234 dex RMS scatter against the SPARC Radial Acceleration Relation
([8]; cf. the independent constitutive-law erratum in GPRF Erratum 2026 [9]), whereas the ds = 1
condensate achieves Sprrr = 3.8945 (4.0000 asymptotically) and 0.0096 dex RMS.

Solving the radial Schrodinger—Poisson “gravitational atom” (Schive et al. 2014 [10]; Hui et al. 2017
[11]; Chavanis 2025 [12]) via fourth-order Runge-Kutta shooting (C-03) reports ground-state eigenvalue
o = 0.64953399, scaling invariant Mg, 7 /o = 3.9251 n?/ (Gmfp), and outer Keplerian log-slope —0.4994:
Bohmian quantum pressure cores inner kiloparsec cusps without flattening outer halos. Stacking a discrete
scale-invariant axiverse cascade mj = mob~" (Arvanitaki et al. 2010 [13], C-06) can sum to a flat envelope
only if the adjacent mass ratio satisfies b < 6.2 (< 5% velocity ripple; £0.036% at b = 2.0, +4.561% at
b = 6.0, £6.084% at b = 7.0), and still requires d, = 1 baryon—phonon coupling to lock vj,, = GMyao.

2 Outer Weak-Lensing Halos Converge onto the Exact d® = 1.00 Fixed Point

To test whether real galaxies select d¥ = 1 or an intermediate fractional exponent, wave3_empirical_
audit.py evaluates exact profile likelihoods across the 2,630 rotation-curve measurements in the official
SPARC binned RAR table (RARbins.mrt) [8] and the 139,027 weak-lensing galaxies analyzed from 50 kpc
to 1 Mpc by Mistele et al. (2024) [14] (Figure 1).

Across all 14 SPARC acceleration bins, Newtonian baryons without dark matter fail at x> = 31,125.1. Jointly
profiling (ds, ag) yields d, = 0.940.02 and Go = 1.2525 x 10710 m/s? (x2,;,, = 25.892), rejecting a globally
frozen constitutive exponent d, = 0.75 (8 = 3.5, x> = 104.323) by Ax? = +73.837 (~ 8.60). Crucially,
separating inner SPARC disk kinematics (10-30 kpc, where disk multipoles and the intermediate gy,,, ~ ao
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(a) SPARC Radial Acceleration Likelihood Scan (C-02, C-08) (b) Inner-to-1 Mpc Scale Flow onto ds* =1.00 (C-01, C-08)
Newtonian no-DM: i Outer KiDS Lensing é= 4.00 (d. =1.00, x> =0.63)

x?=31,125.1 (off-scale) (50-1000 kpc)

Inner SPARC Disks 3 ff
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Figure 1: Empirical spectral-dimension audit (wave3_empirical_certificates.json). (a) Profiled x?(ds) across
2,630 SPARC RAR points (14 bins), rejecting Newtonian no-DM (X = 31,125.1) and frozen d, = 0.75 (Ax2 = +73.84)
while bracketing d* = 1.00. (b) Progression of Sprrr = 2( ds) from inner SPARC disk kinematics (B = 3.83,
d¢ = 0.915) to outer spherical KiDS-1000 weak lensing (6 = 4.00, d¥ = 1.00).

transition yield § = 3.83 <= d°f = 0.915, consistent with regime-dependent SPARC fits in Frontiers
2026 [15]) from outer sphencal weak lensing (50-1000 kpc) reveals clean asymptotic convergence onto
B =400 < d: = 1.00 (x®> = 0.634 for 2 dof; ABIC = +402.59 against coordinate-fractal § = 2.0
and ABIC = 49.10 against 5 = 3.5). Furthermore, comparing KiDS circular velocities at 300 kpc and
1000 kpc across four baryonic mass bins bounds the ambient cosmic external field around isolated spirals
to gext/ap < 0.0160 (95% CL, Rgrr(L.) > 521.8 kpc; C-07), comparable to the cosmological horizon scales
cHy/(2m) = 1.042 x 10719 m/s? (Milgrom 1999 [16]) and cHy/6 = 1.091 x 10719 m/s? (Verlinde 2017
[17D).

3 Two Exact No-Go Theorems Eliminate Single-Boson Superfluids and Local
Operators

Extending weak-lensing flatness to 1 Mpc while confronting Bullet Cluster lensing offsets ([18]) and
Solar-neighborhood Gaia DR3 wide binaries ([19]) exposes two severe obstructions, both reported
([unreproduced gem-nexus / Carbon claim]) with zero floating-point rounding; their integer and rational
goals are checked in formal/verify_exact_rational_proofs.py and formal/GravityClaims.lean as
PROVEN (ARITHMETIC-LEMMA) only (Figure 2).

Theorem 2 (Single-Boson 1 Mpc vs. Bullet Cluster Phase-Space Inversion — C-04, [unreproduced
gem-nexus / Carbon claim]). For any single thermalized bosonic species of mass m., Bose-Einstein
degeneracy Nyeg = (27)%/2h3m *4Q > ((3/2) depends monotonically on Q = p/o3p. Between an isolated L.

spiral (M, = 6 x 10'° M) at Rgal = 1 Mpc (even under an unbroken isothermal halo piso = v3,./ (47TGRga1)

with vﬂat = GMyag, 0gal = Vfiar/ v/2) and the Bullet Cluster subcluster core at Ry = 250 kpc (peg =
202 /(4rGR?)), = and G cancel from the ratio:

mmax(l Mpec, iSO) 16 . anl,iso * —4 R ® O—él 2

mmin(Buuet) B QBullet B Rgal G Myag ‘
Over the stated intervals Rg/Rga = 1/4, 0a € [950,1050] km/s, and ag € [1.15,1.25] x 10719 m/s?%
exact Q-interval arithmetic gives (Qgaliso/QBunet)’ € [0.049942,0.081021] < % < 1. Specifically,
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Mmax(1 Mpc NFW) = 1.0306 eV < mpax(1 Mpciso) = 1.9379 eV < myin (Bullet) = 2.3015 eV: no single
thermalized boson mass exists.

Theorem 3 (SPARC-Gaia Local-Operator No-Go Theorem — C-09, [unreproduced gem-nexus / Carbon
claim]). Consider any single-scale local modified-Poisson operator V - [u(|V®|/ag)V®]| = 4nGpy, with
monotonic response j(x) € (0,1] and L, = dlnp/dInz|e,,,, > 0. At the Solar circle, the Milky Way field
gvw = (233 km/s)?/(8.1 kpc) = 2.1721 x 10719 m/s? lies directly inside SPARC RAR Bins 9-10 (gops €
[1.738,2.512] x 1071% m/s%, N = 381 points), where jiemp = Gbar/Jobs € [0.6026 + 0.0136, 0.6918 + 0.0168].
By strict convexity of u +— (1 4+ L.u)~'/? over isotropic solid angle (E[sin? 0] = 2/3), Jensen’s inequality
bounds the angle-averaged wide-binary radial gravity boost nwp = (g./gn) by

1
plemw)? (14 3Le)

(3)

2

NWB =

Even at the generous 3¢ upper ceiling p(enrw) < 19 and concave saturation L, < <% ndn > 2815 ~
8 pp g wemMw) < 1op e = 100 ""WB Z 6859 ~

1.366817 > (%)4 = g;ggggé ~ 1.082432, strictly exceeding a 2% orbital velocity ceiling.

(a) Single-Boson Phase-Space Inversion (Theorem C-04) (b) Local-Operator Exclusion Across SPARC & Gaia DR3 (C-09)

I 11 ) 1

[Exact 0-interval proof: (Qgal,iso/Qsuet)* = 0.0810 < 1]
]

2
min

a=15
Zero overlap:
A2 <25=Avys = +12.91%

Ve <2%=Ax?= +311.4

R
L}
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(Bullet melt)

1.94 eV
(1 Mpc iso)

_ W S S S
|
1
]
]
]
]
]
]
]
]
]
]
1
1
1
]
1
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]
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o
]
1

I

I

1
1 Mpc NFW condensed (m, < 1.031 eV)
Cluster fermion

SPARC RAR Degradation Ay? = x2 — x.

1 Mpc r~2 ceiling (m, < 1.938 eV) (M = 3-15 eV) , | = Local family uo(x) = (1 — =)
Empty window: [1.938, 2.301] eV 1074 Gaia DR3 Newtonian WB band (Avysg < 2%)
Bullet Cluster normal gas (my, =2.301 eV) SPARC RAR 50 band (Ax? < 25)
107! 10° 10! 0 5 10 15
Single Thermalized Boson Mass my, [eV] (log scale) Solar Wide-Binary Orbital Velocity Boost Avyg [%] (emw = 1.81)
Figure 2: Reported mathematical obstructions ([unreproduced gem-nexus / Carbon claim])

(exact_rational_proof_certificates.json, wave4_unified_certificates.json). (a) Empty single-boson
mass window between 1 Mpc weak-lensing condensation and Bullet Cluster thermal melting (C-04). (b) Parametric
exclusion of purely local operators s, (z) = (1 — e~*")1/* across SPARC RAR and Newtonian Gaia DR3 wide binaries
(C-09).

Scanning the full Schwinger-Unruh interpolating family jo(z) = (1 — e~*")'/® confirms Theorem 3
numerically: every local model within 50 (Ax? < 25) of SPARC predicts Avwp > +12.91%, whereas
forcing |Avwg| < 2% (a > 1.60) degrades the SPARC RAR fit by Ay? > 4311.37 (> 170). Reconciling
SPARC disks with Newtonian wide binaries therefore requires a spatial coherence scale £.on > 20 kAU ~
0.1 pc.

4 Action-Level Bogoliubov Dispersion Screens Solar and Wide-Binary Grav-
ity Across Eleven Decades

In a physical quantum condensate, the phonon effective theory breaks down below the Bogoliubov healing
length ¢.on, = h/(vV2mpcs), where UV quantum pressure restores a quadratic (V26)? kinetic term alongside
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the IR d, = 1 fractional |V#|? invariant (C-10):

1 2
_ 4 < 3., ¢2 207\2| _
Slo) = [ d ${87rGa0 [3|ve| T €2,(%0) ] epb}. @
Varying Eq. (4) and integrating once over concentric spheres yields the exact second-order nonlinear
boundary-value problem for the fifth-force acceleration gy, (1) = —6'(r):
d[1d gpn(7)?
2 2
—Seoh g |:742d7_ (r gph(T))] + pao = gn(r). (5)

Notice the dimensional structure of Eq. (5): for r < &..p, balancing the fourth-order dispersion operator
against gy (r) = GM/r? forces gon(r)/gn(r) o (r/&on)?, providing quadratic UV suppression without
altering r >> &.on where g, (r) = /aogn (7).

(a) 11-Decade (r/€.n)? UV Screening & Galactic Activation (C-10) (b) L« Spiral Rotation & 1-Mpc Lensing (C-10)
3
S 10 == 1M star / wide binary (§con = 0.20 kpc) : 250
= . 1 . 99.994% exact ds =1 recove:
S g { = L spiral (M;=6x10"Mo, R, =2.97 kpc) ! Pt at 100 kpe (vep. ~ 180,15 kmis;
\2 —=- Healing length §on=200pc L ’_/‘ ................ — 176.29 km/s at 1 Mpc)
S 1014 ] ' <
bs | & 2001
- H ol
£ 10734 i =
5 10-5 1 >
1S)
i ! 2 150
g 1074 i é
§ ' [Saturn (9.58 AU) : %
-9 J aturn (9.5 : =)
5 10 Gpn/gn=277e - 14 = 100
ZI (Cassini safe) a
$ 10711 5 = = Newtonian baryons only (no DM)
g =« Unscreened ds =1 MOND (. = 0)
S 10713 4 50 4 = 4th-Order Bogoliubov-p-Laplacian (§con = 0.20 kpc)
g KiDS-1000 weak-lensing flat zone (50-1000 kpc) '~
15 ~
10 T T T T T T T T T
1074 1072 10° 10? 10% 106 10° 10! 102 10°
Radius r [pc] (4.8 x 107 pc = 1 AU to 106 pc = 1 Mpc) Galactocentric Radius r [kpc] (log scale)

Figure 3: Exact tridiagonal Newton—-Raphson solution of Eq. (5) across 11 radial decades
(wave4_unified_certificates.json, max relative ODE residual 8.1 x 107'%). (@) Quadratic (7/&con)?
screening from 1 AU to 1 Mpc at &, = 0.20 kpe. (b) Full recovery (99.994% at 100 kpc) of flat L, galactic rotation
out to the 1 Mpc KiDS weak-lensing zone.

At &.on = 0.20 kpc, the implied ultralight boson mass is mp = 3.8556 x 10~2% eV. While a 100% dark-
matter ultralight axion at this mass is excluded by Lyman-« forest power spectra (Rogers & Peiris 2021
[20]), setting the bosonic energy fraction to fg = Qp/Qpm = 0.025 sits an order of magnitude inside
the subdominant Lyman-« bound fp < 0.20 established by Kobayashi et al. (2017) [21] (and relativistic
vacuum condensates such as Skordis & Ztosnik 2021 [22] carry fp — 0 until clustering). Solving Eq. (5)
across 550 log-spaced nodes from 1 AU to 1 Mpc reports ([unreproduced gem-nexus / Carbon claim];
Figure 3):

1. Solar System Precision (r = 9.58 AU, Saturn): g,,/gn = 2.668 X 10—, five orders of magnitude
safer than Cassini radio-ranging limits (< 1077).

2. Gaia Wide Binaries (r = 1020 kAU): gpn/gn = 2.938 x 1078 at 10 kAU and 1.175 x 1077 at 20 kAU
(Av/v = +5.877 x 1075%), completely resolving Theorem 3 (C-09).

3. Galactic Disks & 1 Mpc Halos (L, spiral, R, = 2.97 kpc): Recovers 99.994% of the exact dy =
1 MOND acceleration at 100 kpc, sustaining vci;c(100 kpc) = 180.15 km/s and wvcic(1 Mpc) =
176.29 km/s.
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Cosmological AN ¢ vs. Galactic Pauli-Exclusion Window for the Cluster Partner (C-11)

To supply the remaining fr = 1 — fg = 0.975 of cosmological dark matter needed for Planck CMB
acoustic peaks ([23]) and Bullet Cluster collisionless lensing ([18]) without violating Theorem 2 (C-04)
or double-counting galactic rotation curves, a natural candidate is a sterile fermion of mass my whose
Tremaine-Gunn Pauli ceiling pr max = gsmh (2107 )%/? /h3 prevents inner-galaxy accumulation. However,
auditing thermal freeze-out relics in wave4_unified_field_solver.py exposes an exact cosmological

tension (Table 2):

Table 2: Audit of thermal vs. Pauli phase-space bounds for a sterile fermion cluster partner carrying fr = 0.975
(Qph? =0.117, g, = 2; wave4_unified_certificates.json, Claim C-11).

Mass mp Thermal Thermal A Ng Dwarf 1 kpc Ceiling  Spiral 10 kpc Ceiling Bullet 250 kpc Capac-
3.0eV 1.5419 5.6527 (excl.) 0.00004% 0.045% (clean) 2.21 X pBullet

11.0 eV 0.9999 0.9998 (excl.) 0.0069% 8.080% (clean) 399.5 X pBullet

35.0 eV 0.6799 0.2136 (passes) 0.7076% 828.1% (excess) 40,949 X pBullet

Honest Cosmological Constraint (C-11): A thermal-relic fermion light enough (mp € [3,11] eV) to
enforce Pauli exclusion automatically inside 10 kpc spiral disks violates Planck 2018 AN.g < 0.30
(AN.g = 1.00-5.65) and warm/hot free-streaming bounds, whereas a cold sub-thermal 35 eV fermion
(AN.g = 0.214) has enough phase-space capacity (828%) to overpopulate 10 kpc spiral halos unless its
primordial coarse-grained phase-space density Qprim is diluted non-thermally (e.g. resonant oscillation or
late entropy injection).

5 Decisive Observational Falsification Program

Separating the computed mathematical filters from speculative field completions defines three sharp
empirical tests for the physics community:

1. Sub-Kiloparsec Ultrafaint-Dwarf Transition (r € [0.05,0.40] kpc): Action (4) predicts that phonon
acceleration turns on quadratically as (r/&.n)? across eon ~ 0.15-0.30 kpc. High-resolution
JWST/ELT stellar kinematics inside 200 pc of baryon-dominated vs. dark-matter-dominated dwarfs
can directly measure or falsify &..p,.

2. Euclid DR1/DR2 Environmental Weak Lensing at 0.5-3 Mpc: While isolated KiDS lenses remain
flat to 1 Mpc (gext/ao < 0.0160, C-07), the d¥ = 1 p-Laplacian predicts an anisotropic External Field
Effect rollover Rgrgr = rar/(gext/ao) scaling directly with ambient large-scale cosmic web tidal fields
rather than NFW tidal-stripping radii.

3. Simons Observatory & CMB-S4 A N4 + Small-Scale Lensing: Reaching o (A Neg) ~ 0.03 alongside
Lyman-a and 21 cm power spectra will decisively test whether a non-thermal sterile fermion +
subdominant fp ~ 0.025 ultralight Bogoliubov condensate (C-10-C-11) or a purely relativistic 7' = 0
vacuum condensate (Skordis & Ztosnik 2021 [22]) governs cluster scales.
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